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Orientational Effects in 
Heat-Conducting Nematic Liquid 
Crystals? 
M. N. L. NARASIMHANS and A. C. ERINGEN 

Department of Aerospace and Mechanical Sciences, Princeton University, Princeton. 
N. J. 08540 

(Received August 30, 1973; inJina1lalform April 8, 1974) 

An analysis of mutually competing orienting influences on heat-conducting nematic liquid 
crystals, of temperature gradients, solid boundaries and shear flows is carried out in the case 
of Couette flow between concentric rotating cylinders by solving the governing equations on the 
basis of the micropolar continuum theory of Eri~~gen. ' -~ Several new features of this investi- 
gation distinguishing it from other existing theories include the derivation of explicit analytical 
expressions for apparent viscosity, adsorption layer, orientation field, microgyration velocity 
and heat-conduction thus allowing for a direct and more satisfying comparison with experi- 
mental results. The behavior of apparent viscosity under various shear-rates and temperatures 
as well as its dependence on the gap-width between the cylinders is investigated. The theoretical 
predictions are found to be in good agreement with experimental results. 

1 INTRODUCTION 

In a companion paper' we have developed a theory of heat-conducting 
nematic liquid crystals on the basis of the micropolar theory originated by 
Eringen.'-4 It is well known that the nematic liquid crystal is distinguished 
from other types of liquid crystals in that it possesses certain fundamental 
symmetries which lead to its invariant properties under spatial reflections. 
It is also well known from experimental investigations that the molecules 
of liquid crystals, generally assumed to be rigid and rod-like and parallel 
to one another, are readily orientable when subjected to electric fields,6 

t The present work was partially supported by the National Science Foundation. 
1 On leave from Oregon State University, Department of Mathematics, Corvallis, Oregon 
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58 M N L NARASIMHAN AND A C. ERJNGEN 

magnetic fields,' shear fields,*" temperature gradients' O and even by their 
proximity to solid boundaries." Lee and Eringenl2-I4 have established 
that the nematic liquid crystal, in its natural state has an axis of orientation 
and in the case of non-heat conducting nematic liquid crystal they have 
investigated boundary and shear effects as well as magnetic effects on orienta- 
tion and also have obtained solutions for wave propagation. 

The purpose of the present paper is to investigate the mutually competing 
effects on the orientation of heat-conducting nematic liquid crystals, of 
temperature gradients, solid boundaries and shear fields. Also it is the purpose 
to develop here a theoretical analysis which can provide a means for a 
direct and explicit comparison of our theoretical predictions with available 
experimental results as well as to obtain a means of determining some of the 
material coefficients present in the theory. For this purpose, the linear theory 
derived in Ref. 5 is used. 

The effects of temperature gradient on orientation of liquid crystals 
was first observed by Lehmann." When heating liquid crystals he found, 
by using a microscope, violent rotations in droplets in the presence of a 
temperature gradient. Anzelius16 attempted to analyze this effect of tempera- 
ture gradient competing with boundary effects. However, his theory did not 
contain the currently known continuum principles. OseenI7 criticized the 
static theory of Anzelius and put forth a dynamic explanation of this phenom- 
enon and concluded that the motion was due to the molecules rotating with 
uniform speed around vertical axes drawn through their centers of gravity. 
But his theory lacked the explanation of the forces causing the motion. 
Leslie" using his constitutive theoryIg attempted to explain the rotation 
in cholesteric liquid crystals (special case of twisted nematics) which led 
to some controversial questions relating to the thermomechanical coupling 
involved in the problem. For an account of this we refer the reader to the 
paper by V. S. V. Rajan and J. J. C. Picot2' and also Leslie's subsequent 
paper.' 

Stewart2' was the first one, however, to carry out a systematic experimental 
observation of temperature gradient effect using X-ray diffraction studies on 
nematic p-azoxyanisole. He concluded that a small temperature gradient 
of 1" or 2"C/cm produces a preferred orientation of the liquid crystal mol- 
ecules with their long axes perpendicular to the direction of maximum 
temperature gradient. The experiments of Picot and Fredrickson,'O Yun 
et u Z . , ~ ~  Fisher and F red r i ck~on ,~~  Porter and Johnson' show that the heat- 
conduction effects on orientation do not compete successfully with shear- 
orientation effects at stresses above a certain minimum. A formal explanation 
of the observation of Stewart et uLZ5 has been attempted by Davison26 
and Davison and Amosz7 based on a linear constitutive theory derived 
along the lines of E r i c k s e n ' ~ ~ * , ~ ~  non-linear constitutive theory for liquid 
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ORIENTATIONAL EFFECTS 59 

crystals. DavisonZ6 arrives at the conclusion that the presence of a tempera- 
ture field affects the orientation field by introducing an intrinsic body moment 
on the director. If the boundaries also prescribe such moments, the coupling 
that results complicates Davison’s equations particularly with general 
type of orientations and also where thermal conductivity is anisotropic. 
The difference between the present work and Davison’s work lies in the 
different constitutive theories applied. While Davison’s work follows 
E r i c k s e n ’ ~ ~ ~ ~ ~ ~  constitutive theory, the present work is based on Eringen’s 
theory’-4 and also our theory developed in Ref. 5. Since Eringen30 has 
already explained very clearly the vital difference between his theory and 
Ericksen’s theory, we do not repeat those details again here. Moreover, 
the present work is concerned with Couette flow of heat-conducting nematic 
liquid crystals while Davison’s workz6 is concerned with applications to 
wave propagation problems involving splay, bending and twist waves. 

Hence, it seems evident that a deeper and detailed research is needed to 
study the anisotropic effects of heat-conduction competing with boundary 
and shear effects on orientation of heat-conducting nematic liquid crystals. 
With this view in mind, the present work was undertaken using the linear 
thermomicropolar theory derived in Ref. 5. We therefore consider Couette 
flow of heat-conducting nematic liquid crystals since most of the experiments 
are conducted in either Couette viscometers or capillary tubes. Atkin and 
Leslie3’ have investigated Couette flow and Atkin3’ has discussed Poiseuille 
flow of nematic liquid crystals. Their analysis neglects heat-conduction 
altogether. On the other hand, there is evidence to believe (as shown later in 
the present work) that there clearly exists a contribution to heat-conduction 
due to the micropolar nature of the flow whether or not an externally imposed 
temperature gradient is present. This appears to be one of the new predictions 
of the micropolar theory. Any analysis would therefore be incomplete 
without taking into account the presence of such micropolar heat-conduction 
effects. Moreover, Atkin and Leslie’s work3’ being highly non-linear does 
not seem to permit linearization without losing its relevance to liquid crystals 
and the various material coefficients involved in their constitutive theory 
do not correspond to the existing experimental measurements. Consequently 
their theory does not lend itself to direct comparison of their results with 
available experimental measurements. This defect is remedied in the present 
work based on the thermomicropolar theory developed in Ref. 5 which 
readily lends itself to the derivation of a linear theory without losing its 
relevance to liquid crystals thus allowing for a direct and close comparison 
of our theoretical predictions with experimental data. Indeed the micropolar 
theory yields explicit analytical expressions for orientation field, apparent 
viscosity and heat-conduction. The phenomenon of formation of adsorption 
layers at the walls of the cylinders has been adequately accounted for in our 
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60 M .  N. L. NARASIMHAN A N D  A.  C. ERINGEN 

investigation. 'The mutually competing effects on the orientation, of tempera- 
ture gradients, solid boundaries and shear flows have been investigated. 
The behavior of apparent viscosity under varying rates of shear throughout 
the nematic temperature range in the case of the nematic p-azoxyanisole 
has been analytically obtained and is compared with the experimentally 
observed behavior obtaining a good agreement. It is found that apparent 
viscosity decreases with increasing shear-rate at a given temperature and 
approaches a constant limit for shear-rates above 2 x lo3 sec-', while 
for narrow gap width of the order of l ow3  mm between the cylinders higher 
values of the viscosity are obtained for the same range of shear-rates. For 
decreasing shear-rates at a given temperature within the nematic range, 
however, the viscosity is found to increase, highest values of viscosity 
occurring at lowest possible rates of shear. These predictions of our theory 
are found to be in good agreement both qualitatively and quantitatively 
with the experimental results of Porter and Johnson,' Peter and Peters,33 
Becherer and K a ~ t ~ ~  and Miesowic~.~' Furthermore, this comparjson of 
our theory with the above mentioned experimental results and also other 
existing theories such as those of Frank36 leads to  the actual determination 
of at least some of the material coefficients present in the micropolar con- 
stitutive theory of heat-conducting liquid crystals. 

2 BASIC EQUATIONS 

We recall that the equations of motion of a general micropolar con- 
tinuumls3.4.1 3 and constitutive equations for heat-conducting aniso- 
tropic nematic liquid crystals obtained in Ref. 5 reduce in the linear in- 
compressible case to the following: 
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ORIENTATIONAL EFFECTS 61 

where tij, mij ,  qb are respectively the stress tensor, the moment stress tensor 
and the heat-flux vector,& is the body force, ui is the velocity vector, p is the 
pressure to be determined by the equations of motion, E is the internal 
energy density per unit mass, h is the heat supply per unit mass, Ii is the body 
couple, p is the mass density, vk = d;k is the microgyration velocity vector, 
6, is the angular microrotation vector and g,, given by 

g m n  = 3T-lemnqT 47  (2.10) 

is the temperature gradient bivector, T is the temperature, emnq is the alternat- 
ing tensor and the spin-inertia r3i is given by 

cki = (i mm h i j  - i..)i,. IJ 1 - eki j ikmvmvj ,  (2.11) 

in which i,, = i,, is the micro-inertia tensor which satisfies the conservation 
law, (2.2),13 dij is the kronecker delta, and $ = E - Trj = Helmholtz free 
energy density, q being the specific entropy. The constitutive Eq. (2.9) 
for E,  was obtained by Eringen,13 while deriving a linear constitutive theory 
for nematic liquid crystals. Furthermore, in Ref. 5, we have obtained the 
generalized Clausius-Duhem inequality and also the thermodynamic 
restrictions governing the constitutive equations and hence we will not 
repeat them here. 

Throughout this paper we employ spatial and material rectangular 
coordinate systems xi, (i = 1,2,3), and X I ,  ( I  = 1,2,3) and assume summa- 
tion convention over repeated indices. An index followed by a comma 
represents partial differentiation with respect to the space variable, and a 
superposed dot indicates material differentiation, e.g., 

uk,[ = auklax,, Xk ,K  = ax,/ax,, fik = avk/at + uk , Iu I .  

ahlmn = aKLMN 6kK ' 1 ,  ' m M  ' n N ,  

The coefficients aklmn are given by 

(2.12) 

are functions of temperature only, AkK being the direction cosines between 
the spatial and material coordinates. Similar statements as (2.12) hold for 
the coefficients bklmn, dklrnn, Bhlmn, yklmn and ' k [ m n  also. Thermodynamic and 
material symmetry restrictions on these material moduli are given in the 
companion paper.' The motion of a material point X K  is given by 
xk = x k ( X , ,  t )  and xkK is the micromotion. 

3 FORMULATION OF THE PROBLEM 

We consider a steady Couette flow of heat-conducting nematic liquid crystals, 
between two long concentric circular cylinders of radii r l  and r2(r1 < r 2 )  
which are rotating with constant angular velocities Q, and Q 2 ,  respectively. 
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62 M. N. L. NARASIMHAN AND A. C .  ERlNGEN 

Cylindrical polar coordinates (r, 8, z)  are chosen such that the z-axis, coincides 
with the common axis of the cylinders. Let (x, y, z )  and (X, Y,  2) represent 
spatial and material rectangular coordinates. We assume that these spatial 
and material frames are coincident and hence in view of (2.12) the coefficients 
aklmn, etc., become the actual material coefficients. We choose the material 
frame in such a way that the X-axis coincides with the axis of orientation 
of the liquid crystal. The velocity field and the microgyration velocity field 
are respectively, given by 

v, = 0, v, = ro(r ,  O), v, = 0, (3.1) 

v, = 0, v, = 0, v, = v(r, el. ( 3 4  

Since the velocity components have to satisfy the equation of continuity 
for the present incompressible case vk ,k  = 0, it follows that o must be a 
function of r only, o = o(r). The temperature field is T = T(r).  We allow 
arbitrary spatial dependence for v to depend on both r and 8, consequently, 
as we shall see later, the pressure field is also dependent on both r and 8 
(since all quantities are independent of the z-coordinate) in order to provide 
the inner structure with additional degrees of freedom. 

The micromotion is given by 

is the orientation vector, q5 being the angle between the long axis of a molecule 
of the liquid crystal and the axis of orientation. In Cartesian coordinates, 
(3.1) and (3.2) become 

u, = -ro(r)sin 8, v y  = ro(r)cos 8, V,  = 0, (3.5) 
v, = 0 = v y ,  (3.6) 

It has been shown’ that the use of full material symmetry of the nematic 
liquid crystal, such as the p-azoxyanisole, leads to the following non-vanishing 
components of the material moduli uklmn: 

V, = 4 = v(r, 8). 

‘1111 = ‘2222, ‘1122 == ‘2211,  ‘1133 = ‘22333 ‘3311 = ‘3322,  u 3 3 3 3 >  

‘1313 = ‘2323j  ‘1331 = ‘2332,  ‘3113 = ‘32233 ‘3131 = ‘32323 

‘1212 = ‘2121,  a 1 2 2 1  = a 2 1 1 2  = ‘ 1 1 1 1  - ‘1122 - ‘12129 

with similar statements for other material coefficients 

bklmn, dRlmn, Bklmn, Yklmn and ‘klmn 
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OR1 ENTATIONAL EFFECTS 63 

Substitution of(3.4), (3.5)and (3.6) into Eqs. (2.6) to (2.8)yields the following: 
The stress components are: 

t , ,  = t , ,  = - p  - k , r o ’  sin 28, 
t,, = t,, = - p  + k l r d  sin 28, 
t, ,  = t 3 3  = - p ,  
t X y  = t , ,  = ro’(k3 + k ,  cos 28) + 2k , (o  - v), 
t,, = t,, = - [ r d ( k 3  - k ,  cos 28) + 2k3(w - v) ] ,  
t,, = 0 = t,, = t,, = t,,; 

(3.7) 

The moment-stress components are: 

mxx = m, = 0, my, = m,, = 0, m,, = m33 = 0, mXy = m , ,  = 0, 

(3.8) 
myx = m21 = O, mzx = m31 = k5# ,x  + k6v, ,  + k 7 T y ,  

mxz = m 1 3  = ‘84 .x  + k9v ,x  + k l O T y ,  

m z y  = m 3 2  = k 5 @ s y  + kCjVjy - k7  T x ,  
= m 2 3  = k 8  4 . y  + k9 ‘ , y  - k 1 0  T x .  

The heat-flux vector components are: 

4 ,  = 4 1  = k d , ,  + k l Z T , ,  4 y  = q 2  = - -k l lV, ,  + k , z T , ,  4 ,  = 4 3  = 0, (3.9) 
where 

k 1  = t ( a 1 1 l l  = k4,  k 2  = u3311,  k 3  = %‘121Z - alZZl) ,  

k ,  = B 1 3 3 1 ,  k ,  = b i 3 3 1 ,  k 7  = t T - ’ ( ? i 3 3 i  - Y1313) ,  ka = B 3 1 3 1 ,  

k9 = b31317 klCJ = *T-1(Y3131 - Y3113),  k l l  = 8 d 2 3 3 2  - d3232) ,  

k l Z  = +T-1(b23Z3 - 637.23 - ‘2332 + 63232) ,  (3.10) 

are functions of temperature only and the prime denotes differentiation 
with respect to r. 

After substituting Eqs. (3.7) to (3.9) into the balance equations of motion 
and energy, (2.3) to (2.5), we obtain the final field equations governing 
w(r) ,  p(r, 8), T ( r )  and v(r, 8) (in the absence of external body forces, body 
couples, and heat sources): 

k(rw” + 30’) - (ir - + ci- rz) - (r:8 - - +)c,t e = 0, (3.11) 

tan 6’ = 0, (3.12) 

1 2 
B3131Vz4 + b3,3,V2v + - (rw’ + 2 0 )  - - v - pji, = 0, (3.13) 

ci ci 

VZT = 0, (3.14) 
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64 M .  N .  L. NARASIMHAN A N D  A. C ERINGEN 

where 

a = (a1212  - u 1 2 2 1 ) - l J  = i l l  + i 2 2 ,  k = aa1212, (3.15 

(3.16 

In order that a solution set for (3.11) to (3.14) may exist under appropriatt 
boundary conditions, in view of (3.15)1, we must have 

a1212  - a1221 + 0, (3.17: 

which is readily permitted by the thermodynamic restrictions on u1212 and 
u1221 already obtained in Ref. 5, namely, 

0 1 2 1 2  2 O , a 1 2 1 2  - a 1 2 2 1  2 0 (3.18) 

Hence, for a solution set to exist for the field equations, in view of (3.17) 
and (3.18), we must have, a l Z l 2  - a 1 2 2 1  > 0. 

In addition, we note from the thermodynamic restrictions obtained 
in Ref. 5, that the material coefficient 8, is not subject to thermodynamic 
restrictions. Hence, if we are seeking an explicit solution for the orientation 
field #, we must assume that B 3 1 3 1  # 0, for otherwise, the term involving 
# in (3.13) would be completely eliminated and no other equation in the set 
contains # explicitly. Hence we seek a solution set for the Eqs. (3.1 1) to (3.14) 
under appropriate boundary conditions when 

a 1 2 1 2  - a1221  ' 07 B3131 # 0. (3.19) 

Thus CI and hence k defined in (3.15) are bounded and positive. We recall 
that a dot on a variable denotes material derivative. In the steady state case, 
we have 

the last of the equations, (3.20), follows since we consider the linear case 
where both o and v are small. 

The term pjv  in Eq. (3.13) is of second order smallness since from Eq. (3.20), 
i, = 0 and hence can be neglected in comparison with the rest of the terms 
which are of the first order. 

In the linear micropolar theory, the term pi: on the left-hand side of the 
energy Eq. (2.5) consists of only second order terms in view of the fact that 
i, = 0 and ? = o(a/aO)/(T(r))  = 0 from (3.20) and from (2.9); q = -.a$/aT 
Thus we have from (2.9), in the linear theory, 

p i  = p($ + rjT + VT)  = p$&- l, T )  + ptjT =o. 
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ORIENTATIONAL EFFECTS 

Since, in the linear theory, 

4 = $o(p- l ,  T )  + higher order terms = $&-I, T )  

65 

and 

D a 
ae ~ = (- g) 2: w - [$o(p-l, T(r))] + higher order terms N 0. 

On the right-hand side of (2.5), all terms except the term qk,k are second-order 
terms and hence can be neglected in comparison with the first-order small 
terms w, v and VT in the linear theory and the heat source term h = 0. Thus, 
(2.5) reduces to q k , k  = 0 which by virtue of (3.9) becomes Eq. (3.14). 

4 METHOD OF SOLUTION AND DISCUSSION OF BOUNDARY 
CON DlTlO N S 

We shall now examine under what type of boundary conditions a physically 
realizable solution exists for the system (3.11) to (3.14). Writing 

and taking the material time-derivative of Eq. (3.13), Eqs. (3.11) to (3.14) 
become, since B ,  # 0 and O(Y) # 0, 

f(r)  - g(r,  0) - h(r, @cot 0 = 0, (4.2) 

j y r )  - g(r,  0) + e)cot e = 0, (4.3) 
a 

-(V2&) = 0, 
a8 (4.4) 

V2T = 0. (4.5) 

(4.6) 

It readily follows from (4.2) and (4.3) that h(r, 0) = 0, and hence we have 

~ ’ ( r )  = g(r ,  e) = g(r). 

Consequently, from (4.1) we have 

a v  ap 
k(rw” + 3w’) = - + a- 

ar rag’ (4.7) 
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Elimination of v from (4.7) and (4.8) yields 

M. N. L. NARASIMHAN AND A. C. ERINGEN 

whose general solution is of the form 
m 

p(r, 0) = po + coin r + C r”(p, cos no + q, sin no) 
n =  1 

m 

+ C r-”(s, cos no + t ,  sin no), 
,= 1 

(4.10) 

where co , p o ,  p,’s, qn’s, s,’s and t,’s are the Fourier coefficients which are to be 
determined by using appropriate boundary conditions. Substitution of 
(4.10) into (4.8) and integration with respect to 8, and the requirement that 
v(r, 0) be a single-valued function of 0, yield co = 0 and hence we obtain 

Ln= 1 

where F(r) is an arbitrary function to be determined later. Since co = 0, 
(4.10) becomes 

a0 W 

p(r, 0) = po  + C rn(p, cos no + q, sin + 1 r-”(s,  cos no + t, sin no). 
n = l  n = l  

(4.12) 

Substituting (4.11) and (4.12) for v and p in (4.1)2 and equating the result to 
(4.1)1, in view of (4.6), we obtain after integrating with respect to r, 

F(r) = k(rw‘ + 2w) + d ,  (4.13) 

where d = constant of integration. 

that 4 should be a single-valued function of 0) 
Similarly, the general solution of Eq. (4.4) has the form (after requiring 

m m _ -  ” - 2 r”(u, cos no + b, sin no) + 1 r-“(c,  cos no + d, sin no). (4.14) 
ae n = l  n =  1 

Substitution of (4.14) into (3.20), , yields another alternate expression for 
v(r, 6): 
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ORIENTATIONAL EFFECTS 67 

r"(u,, cos no + b, sin no) ae 

1 a 

+ r-"(c, cos n9 + d, sin no) . (4.15) 

That the two expressions for v(r, 0) given by (4.11) and (4.15) must be equal 
enables us to determine the unknown function F(r) which appears in (4.1 1). 
But, before determining F(r), we discuss the possible boundary conditions 
under which the solution of the system exists. 

The boundary conditions on the velocity field are assumed to be the usual 
no-slip conditions, 

n =  1 

w(r l )  = R17 w(r,) = R,. (4.16) 

The boundary conditions on v(r, 6) are some functions of 9 on the cylinder 
walls which may be formally written as 

v(r1, 6 )  = v,(Q), v(r2,6) = v,(@ (4.17) 

Then, we can evaluate the Fourier coefficients pnk, q,'s, s,'s and tn's in (4.11) 
and an's, b,'s, c,'s and d,'s in (4.15) in terms of v,(e), v,(B), Q, and R,. We 
obtain, when R, # 0, R2 # 0 and R # 1, (the special cases of R, = 0 or 
Q2 = 0, are considered later in the paper): 

P n  'A',  - KnR"), 4, = - Un(Nn - M n  Rn)7 

s, = U,r;r;(L,Rn - K,), t, = - U,r;r;(N,R" - M,), 

0, = 2 ( N ,  - M ,  R"Ro), b, = 2 (L, - K ,  K"Ro), 
aU aU 

(4.18) a, Q, 

where 

and n takes the values n = 1, 3, 3, . . . ,a. 
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68 M. N. L. NARASlMHAN AND A. C .  ERINGEN 

Equating the expressions for V ( I ,  0) from (4.11) and (4.15) leads to the 
following relation : 

k(ro' + 213) + d - C [(w(anrn + c,r-") + cl(qnrn - t,r-")}cos n8 
00 

n =  1 

+ (o(b,r" + d,r-")  - a(p,r" - s,r-")}sin n6] = 0. (4.20) 

An inspection of (4.20) and the expansion of the expression F(r )  = 
k(rw' + 2w) + d into a Fourier series form corresponding to the second 
term on the left-hand side of (4.20) leads to the following result: 

m 

F(r )  = k(ro' + 2w) + d = 1 [A,(r)cos nf3 + B,(r)sin no],  
n = O  

where the Fourier coefficients 

An@) = 1 R JoZnF(r)co~ n8 d0 = 0; Bn(r) = - 71 JoznF(r)sin n8 d6 = 0. 

Thus we obtain 

F(r ) .=  k(ro' + 20) + d = 0. (4.21) 

Now, in order that (4.20) which now reduces to 
W 

C [{w(anrn + c,r-") + a(qnrn - t,r-n)}cos n8 
n =  1 

+ (o(b,rn + d,r-")  - a(p,r" - s,r-")}sin no] = 0, 

may be satisfied for all arbitrary 0 E [O, 2x1 and arbitrary r E [ r , ,  r , ] ,  we 
must have the coefficients of cos n6 and sin nf3 separately vanish. Thus we 
obtain 

o(anr" + c,r-") + cl(qnrn - t , r -")  = 0, (4.22) 

w(b,r" + d n r - " )  - c~(p,,r" - S , , T - ~ )  = 0. (4.23) 

The solution of (4.21) subject to the boundary conditions (4.16) is: 

which is identical with the classical Couette flow solution. 
From (4.22) and (4.23), we have 

(4.24) 

(4.25) 
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ORIENTATIONAL EFFECTS 69 

In order that (4.25) may be of the form (4.24) we must have the following 
relations: 

This implies that the only non-vanishing Fourier coefficients in (4.18) 
occur when n = 1 and are a,, b,, pl,  q l ,  s1 and t , .  Furthermore, we have 
from (4.24) and (4.25), 

Substituting (4.18) and (4.19) into (4.27), we obtain the relation to be satisfied 
by the functions v,(6) and v2(8): 

{Jozff(v2 - Rv,)cos e de ]/{ JOzff(Rv2 - v,)cos 8 d8 

= { Jozff(vz - Rvl)sin 8 d8 },/{Jozx(Rv2 - vl)sin 6 do 

= - SZ,rf)/(Q, - fil)Il12, 

Equation (4.28) is equivalent to : 

/02z(vz - Rv,)cos 6 = [(E: 1 p,k] ~02*(Rvz - vl)cos 8 d6 (4.29) 

and a similar equation with cos 6 replaced by sin 8 in (4.29) where 

R = rl/rZr a, = Q2/fi1, v1 = v1(@ and v2 = v,(O). 

From (4.29), we have, after combining the integrals and rearranging them, 

JoZx (so v 2  - vl)cos 6' d8 E 0 = ~ 0 2 x ~ v 2  - v,)sin 6 d6. (4.30) 

In order that (4.30) may be identically satisfied for all choices of the boundary 
functions v,(O) and ~2(6), we must have, clearly, 

QO 
v2 = - v l .  

R 
(4.31) 

Now substituting (4.21) into (4.11) and using (4.26) and (4.27) we obtain 

= n(r)cos 0 + b(r)sin 6, (4.32) 
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70 M. N. L. NARASIMHAN AND A .  C. ERINGEN 

where 

where t ,  and s1 are to be determined later. Now by the use of (4.17) and (4,31), 
(4.32) yields the only possible non-trivial forms for v,(6) and v,(O): 

v ( r l ,  0) = ~ ~ ( 6 ' )  = a cos 6' + b sin 6' 

Q* v ( r 2 ,  6)  = ~ ~ ( 6 ' )  = - (a cos 8 + b sin 6). R 
(4.34) 

Thus the Couette flow under consideration, described by m(r), v(r, 6') and 
p(r ,  6') is possible only under the boundary conditions (4.16) and (4.34); 
otherwise, the motion w ( r )  would have to be only a rigid body rotation, 
which is excluded from our problem. This leads to the 'values of a,, b,, pl, 
q,, s,, and t ,  to be given by: 

a b b(Qo - R 2 )  
ar,(l - R2)' a, = - b ,  =-, P1 = 

r1Q1' r1Q1 

(4.35) 
-ar,(Ro - 1) 

t ,  .= -a(Ro - R2) br,(*o - 1) ~ s1 = 
= cIr,(l - ~ 2 )  , a(l - R2)  ' a(l - R 2 )  ' 

and all other a,, b,, c,, d,,  p,, q,, s, and t ,  vanish. 
The microgyration velocity and pressure field can now be obtained by 

using the known solution for the velocity field (4.24), in the expressions 
(4.12) and (4.15) and the boundary conditions (4.34). The temperature field 
T(r) is obtained by solving Eq. (4.5) subject to the boundary conditions 

T(r,) = T,, T(r2)  = T,. (4.36) 

Heat-conduction can be obtained from Eqs. (3.9) by using the known 
solutions for v(r, 6) and T(r). Finally the solution set of the governing field 
equations can be expressed in non-dimensional form, for the case Q, # 0, 
TI # 0, a # 0, b # 0 and R # 1: 
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In our problem, micropolar heat-conduction occurs only when k ,  is 
not zero, for otherwise the problem will reduce to one of classical Fourier 
heat-conduction provided k , ,  does not vanish. There is an overwhelming 
experimental evidence" to suggest that the thermal conductivity of nematic 
liquid crystal is anisotropic and that the classical heat-conduction law will 
not do in problems such as the one discussed in this paper. Hence, consistent 
with experimental evidence, we assume that k , ,  and k , ,  do not vanish. 

The special nature of the boundary conditions on v, arrived above in 
(4.34), might appear strange at first sight. However, if we remember that the 
orientation field is heavily coupled with the boundary effects near the surface 
of the cylinders, we can readily recognize the fact that surface treatments 
and irregularities of the surface have drastic effects on the behavior of the 
gyration field near the surface. At present there seems to be no physical 
theory that can explain this interaction rationally. We must therefore 
revert to the experimental confirmation of our theory under the present 
boundary conditions on v.  As will be discussed later the evidence appears 
to be gratifying on the basis of many new effects observed in experiments 
on nematic liquid crystals and the experimental verification of the present 
calculations are good. 
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72 M. N. L. NARASIMHAN A N D  A. C. ERINGEN 

5 ORIENTATION FIELD 

It is clear from the remarks made at the end of the last section that one of the 
major questions yet unanswered is concerning the type of boundary condi- 
tions on orientation that prevails at a solid boundary in a given physical 
situation. One can expect a variety of possibilities for these boundary 
conditions as they are dependent on the prior treatment of the material 
of the boundary and also the type of the liquid crystals. Since the liquid 
crystals are composed of molecules which behave like dipole moments at a 
solid boundary, the answer to the above questions might lie in a thorough 
investigation of the distribution of electric charges at the boundary. Before 
discussing this any further, we shall first see what analytical expression 
could be obtained for the orientation field. 

By integrating (4.14) and noting that n can only take the value unity in 
view of (4.26), and using (4.33, we have for the non-dimensional form of the 
orientation field: 

where F,(I) is an arbitrary function of 1 which can be determined with the 
help of the expression for the torque on the cylinders. 

The torque per unit length about the z-axis on the cylinder of radius r,  
is denoted by T and recalling that there is a contribution from the couple 
stress, we have 

z = Jo2.(,,,, + r2t,,) de. 15.2) 

By the use of our solutions (4.37) in the expressions (3.7) and (3.8) for the stress 
and couple stress components and substituting the resulting expressions 
for the latter into (5.2) we obtain. 

where the prime denotes differentiation with respect to 1 and where 

(5.4) 

Since the torque should remain the same on any cylinder of radius r, 
rl 5 r I r 2 ,  as required by the balance of torques, we must have for all 
values of r, that is for 1, from (5.3), 

Fl(l) = -"y,("o 1 - R 2  - RZ) ' (5.5) 
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ORIENTATIONAL EFFECTS 7 3  

which on integration yields the function 

(5.6) 

where K' is an arbitrary constant of integration. The expression for the torque, 
(5.3), after substituting for F1(A) from (5.5) reduces to 

z = 2nc, 
where 

(5.7) 

is a constant representing the torque per unit length acting on the cylinders. 
If we substitute (5.6) into (5.1), we find that the resulting expression for the 

orientation contains the arbitrary constant K'. Since the presence of a 
constant K' in the expression for the orientation does not affect the behavior 
of the orientation and its dependence on spatial coordinates A and 8, the 
radius ratio R and the angular velocity ratio Qo of the cylinders and further- 
more K' does not appear in any of the solutions given by (4.37) or in the 
boundary conditions (4.16), (4.34) and (4.36), the arbitrary constant K' can 
as well be omitted. Hence we have finally the solution for the orientation 
field : 

Lb 
Ql 

&A, 6') = - (a sin 6' - cos 6') - +A2y2 

We shall return to a discussion of the physical implication of this solution 
after obtaining the apparent viscosity which is a measure of the non- 
Newtonian behavior of the nematic liquid crystals. 

6 APPARENT VISCOSITY 

One can define an apparent viscosity such that it is equal to the constant 
coefficient of viscosity for the flow of an incompressible Newtonian fluid. 
Therefore, one can choose: 

(6.1) 1 Shear stress 
qapp = [ Shear-rate on the outer cylinder a t B = O , l =  l,R, 

which becomes on using the known solutions for w and v and also the 
expressions for shear-stress and shear rate: 
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14 M. N. L. NARASIMHAN A N D  A. C. ERINGEN 

where the rate of shear y is given by 

2(Q2 - Ql)R2 
Y = (rw’),=,2 = 1 - R 2  ’ (6.3) 

which is the uniform shear-rate at the outer cylinder. It is clear from (6.2) that 

Vapp = ri(L R). (6.4) 
First of all, we can study the limiting behavior of qaPp when y and R assume 

For  narrow gap-width, using the approximation that the gap-width 
extreme values. 

between the cylinders is very small compared to  the mean radius, we have 

rz  - r l  -G 3(r1 + rZ) ,  

or 

DID,  -G < 1, 

where 

D = r2  - r1 

O n  using (6.5), (6.2) reduces to: 

and Do = r 2  + r , .  

For large gap-width, by using the approximation, r2 - rl % $r l  + r 2 ) ,  
(and this can be satisfied whenever r2 % 3r1) ,  (6.2) becomes 

Q2 
Vapp = a1212 +- (a1212 - a1221) 

( R  small) Y 
In like manner, for large shear rate ( y ( ,  on using the approximation 

(6.8) 

I Q ,  - Q, I % $ l Q l  + Q , I ,  (6.2) becomes: 

tlapp = a1212 + (a1212 - ~ 1 2 2 l ) ( Q 2  + a/R)/y, 
( Iv l  large) 

For small shear-rate I y ( ,  (here we assume that I y l  has a non-zero lower 
bound which is not an unreasonable assumption in view of the usual experi- 
mental range of I y l  = 60 sec-’ to 18 x lo3 sec-‘), for cylinders rotating 
in the same sense, on using the approximation, IR, - Q l (  4 Inl + Q21, 
we obtain 

lim V,pp = a1212 + (a1212 - a 1 2 2 1 m  - a/R)ho. (6.10) 
I Y I - Y O + O  (small) 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 0

7:
03

 2
3 

Fe
br

ua
ry

 2
01

3 



ORIENTATIONAL EFFECTS 1 5  

DISCUSSION AND COMPARISON WITH EXPERIMENTAL 
R ES U LTS 

First of all, we notice that when we set the microgyration v = 0 in our 
solutions (4.37) 'leading to the classical balance law of angular momentum, 

= aI2,,), our solutions are found to 
.educe to the well-known classical Newtonian viscous fluid flow solutions. 
Also, we have assumed in our solutions that S Z ,  # 0, a # 0, b # 0, and R # 1, 
B,,,, # 0, aIzl2 - > 0; the latter two conditions are permitted as 
discussed in Sect. 3, by the thermodynamic restrictions obtained in Ref. 5. 

In the event S Z ,  = 0 and R, # 0, that is, the inner cylinder not rotating 
and the outer cylinder rotating, it follows from the boundary conditions 
(4.34) and the solutions (4.37) that both a and b should vanish in order to 
have a finite value for v2(6)  which is found to be zero and v l ( t t )  is also zero. 
Hence in this case (4.37), (5.4),, (5.9) and (6.2) yield the corresponding 
solutions: 

= t , , ,  (which implies that 

klZTl(1 - 4 T(r) = [(T, - T2)ln r + T2 In r ,  - Tl In r,]/ln R, q, = 
r In R 

Next, when R, # 0, Q, = 0, Eqs. (4.37), (5.4),, (5.8), (5.9) and (6.2) yield 
the following solutions: 

v(r, 6) = - brr, (:i - - l)(c cos 6 + sin e), 
r :  - r: 

p(r, 0) - p ( r 2 ,  0) = a( l  (a sin 0 - cos 0) + 2bR , 1 
T(r) = [(T, - TJln r + T2 In r l  - TI In r2]/ln R, (7.2) 
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16 M. N. L. NARASIMHAN AND A .  C. ERINGEN 

(cos 8 - a sin 6) 

Ab 
&r, 0) = - (a sin 6 - cos 6) + +A2y2R2/(1 - R2),  

01 

The case R, = 0 = R, is excluded from our problem since there is no 
shear-rate involved in that case. The case R = 1 is also excluded from our 
analysis since it reduces to the problem ofa single tube rotating about its axis. 

We are therefore interested in our investigation, primarily in the Couette 
flow between two concentric cylinders rotating in the same sense with 
distinctly different radii and angular velocities. Hence Rl # R,. Now, 
we shall discuss the behavior of the apparent viscosity. 

From (6.2), (6.8) and (6.9), at a given temperature in the nematic range and 
for a fixed instrument the apparent viscosity is found to decrease as the shear- 
rate increases and when the shear-rate is above a certain value y, (which 
is determined later), the apparent viscosity levels off to a constant value 
given by (6.9). Also it follows from (6.2) and (6.10) that the apparent viscosity 
is found to depend strongly on the rate of shear at low shear-rates. At a 
given temperature in the nematic range, for a fixed radius-ratio, the apparent 
viscosity is found to increase rapidly as the shear-rate decreases, highest 
values of viscosity occurring at lowest possible values of shear-rate. The 
above predicted behavior of apparent viscosity is found to be in total agree- 
ment with the experimental results of Porter and Johnson,* Peter and 
Peters,33 and Mieso~icz.~’ Furthermore, it is found from (6.6) to (6.10), 
that the limiting values of qaPp for extreme values of the gap-width and rates 
of shear need not be the same. This also agrees with the experimental results 
stated above. Again, by comparing (6.2) with (6.6) and (6.7), higher values of 
apparent viscosity are found to occur for narrow gap-widths than those 
for arbitrary or finite gap-widths in the same range of shear-rate. This 
prediction from our theoretical results is also in good agreement with the 
above mentioned experimental results. Porter and Johnson,’ have attributed 
the higher values of the measured viscosity in narrow gap-width concentric 
rotating cylinder viscometers to another nonNewtonian behavior of the 
nematic mesophase, namely, the formation of very thin fluid layers called 
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ORIENTATIONAL EFFECTS 77 

adsorption layers adhering to the cylinder walls. We will now show that the 
experimental observation and the explanations offered by Porter and 
Johnson can be justified and confirmed by our theoretical results. According 
to Porter and Johnson,' the increase in viscosity above the precision limits 
is due to the fluid adhering to the cylinder walls, thus resulting in an effective 
decrease in fluid thickness. Apart from these adsorption layers at the cylinder 
walls, the remainder of the liquid crystal flows with its uniform high shear 
viscosity as in the case of finite or large gap-widths. These adsorption layers 
are so thin that they influence the measurement of viscosity only in the case 
of very small gap-widths. 

Now, since a fluid layer is formed at the walls, one can introduce an 
adsorption layer thickness 6 defining it in a natural way as follows. First 
of all, it is easy to observe from Eqs. (6.6) and (6.8) that both the limiting 
viscosities reduce to the effective viscosity for very high shear-rates and this 
value is found to be a ,  I 2 .  Using this effective viscosity in our formula for the 
torque, Eq. (5.Q we can define the adsorption layer thickness 6, which is 
essentially the difference between the apparent gap-width and the real gap- 
width of the Couette instrument, as follows: 

Applying the narrow gap-width approximation (6.5) on (7.3), we obtain the 
non-dimensional adsorption layer thickness S* = 6/r2 given by 

(1 - R )  - (3R - 1) 
a1212 + a1221  

which clearly, is found to vanish in the narrow gap-width case for a Newto- 
nian fluid, (al = a,  2 2  1), since, in view of (6.5) and (6.3), we have the approx- 
imations, 1 - R N 2D/D0, 1 - R 2  21 4D/D0 and (Q, - Q,)/y N 2D/D,, 
which when substituted in,(7.4) yield 6* = 0. 

We will now show that our theoretical results are in very close qualitative 
as well as quantitative agreement with the experimental results of Porter 
and Johnson,8 Peter and Peters,33 Becherer and K a ~ t ~ ~  and M i e s o ~ i c z ~ ~  
involving a typical nematic mesophase, p-azoxyanisole. But before this, 
we will demonstrate the method of determining the material coefficients 
present in our constitutive equations for the case of p-azoxyanisole with the 
help of the experimental data. The general range of shear-rates considered 
by the above experimentalists is from about 60 sec-' to 18 x lo3 sec-', 
and the nematic temperature range for p-azoxyanisole is from about 119°C 
to about 135"C, where 119°C is approximately the transition temperature 
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78 M. N.  L. NARASIMHAN AND A. C. ERINGEN 

at which the solid nematic and nematic liquid-crystalline states are in 
equilibrium. The upper limit 135°C is approximately the temperature at 
which nematic-isotropic transition occurs. Above 135°C we have the iso- 
tropic case. 

involved 
in our result (6.2), we need two equations, one of which can be obtained by 
equating the limiting value of qaPp given by (6.9) for very high shear-rates 
y - 18 x lo3 sec-', at a given temperature to  the experimentally observed 
limiting orientational viscosities calculated from the graphs of Porter and 
Johnson,* and Peter and Peters.33 The second equation is obtained by 
equating the adsorption layer thickness given by (7.4) to the experimental 
values computed from the graphs of Porter and Johnson.' aIzl2 and a1221 
are then determined by solving the resulting two equations. 

In order to determine the material coefficients a1212 and 

Experimental data from Peter and Peters:33 
Diameters of the inner and outer cylinders are, respectively, 3.96 cm 

and 4.00 cm. Lengths of the two cylinders are 14 cm and 20 cm respectively, 
so that the end effects may be neglected. Table 1 below gives the experimental 
values of limiting qapp for high shear-rates, 

TABLE 1 

Temperature Limiting vapp = L,, 
("C) (in centipoise) 

119 2.59 
122 2.51 
125 2.45 
128 2.40 
131 2.36 

Substituting the value of R = 0.99 into (6.9) and equating the result to 
L, given in Table 1, we obtain 

1.01ff1212 - o.01u1221 = L, (7.5) 
We compute the values of the adsorption layer thickness 6 from the experi- 
mental graphs of Porter and Johnson. For instance, at 128"C, for fluid 
thickness, r2  - rl  = 3.35 x cm. 
Choosing for convenience the inner cylinder radius rl as the standard unit, 
that is, r i  = 1, we have then R LX 1 - 3.95 x For y - lo3 sec-l, 
we have from (7.4) on substituting 6 = 0.3 x 

cm, the value of 26 = 0.6 x 

cm, at 128"C, 

u l Z l 2  = 1 . 3 5 8 1 ~ ~ ~ ~ ~ .  (7.6) 
We remark here that because of the very small values of the adsorption 

cm), Eq. (7.6) is found to hold with layer thickness 6 (about 0.3 x 
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OR1 ENTATIONAL EFFECTS 79 

notable constancy for the entire nematic temperature range up to about 
135"C, without any appreciable modification. Now, from (7.5) and (7.6) 
and Table 1, we obtain the values of ulZl2 and u1221 given in Table 2. 

TABLE 2 

Temperature u l Z I Z  in centipoise u,221  in centipoise 

- ("C) 

119 2.583 1.902 
122 2.503 1.844 
125 2.443 1.799 
128 2.393 1.762 
131 2.354 1.733 

An estimate of the material coefficient B313, present in our constitutive 
theory, can be obtained by a comparison of our theory with the experimental 
work of S a ~ p e ~ ~  who, assuming the static theory of Frank26 to be valid for 
p-azoxyanisole has determined the values of the Frank's constants to be of 
the order of dyn. The Frank's constants correspond to the material 
coefficients Bklmn present in our theory, since Frank's relations 

i, j = 1 ,  2, 3,. . . , 6 ;  kapya = kyaap, (7.7) 

where G = total free energy, pg = free energy density per unit volume, 
aap = curvature-strain components, correspond to Eringen-Lee theoryi2-14 
and also our t h e ~ r y , ~  in the linear case, namely, 

where II/ = free energy density per unit mass and = orientational 
gradient. The comparison of (7.7) and (7.8) at once leads to the conclusion 
that the Frank's constants kapya coincide with Bkfmn of the present theory. 
Hence it follows that 

B3131 dyn. (7.9) 

In order to determine the nature of the term [l - (u/f i ,R)] in (6.2), 
we revert back to the discussion of the orientation field. In Sect. 5, we have 
mentioned that the boundary conditions on orientation are at present un- 
known and they depend on the nature of the liquid crystal and also prior 
treatment of the material of the boundary (see Brown and Shaw"). For 
instance, Fisher and F r e d r i ~ k s o n , ~ ~  following the suggestion of J. Fergason 
of the liquid crystal institute (Kent, Ohio), have used in their experiments 
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80 M .  N.  L. NARASIMHAN AND A. C. ERINGEN 

certain techniques to obtain very nearly the desired orientation at the 
boundary. They find that a bundle of human hairs when rubbed to-and-fro 
about 150 times on the boundary can produce parallel orientation. In order 
to obtain perpendicular orientation of p-azoxyanisole the boundary needs 
to be washed in sulfuric acid-dichromate solution for about twenty minutes, 
rinsed with distilled water and dried with air, while the tubes are immersed 
in hot oil constant temperature. Other boundary conditions are possible. 
In order to fix ideas, for instance, if we have perpendicular orientation at 
both the boundaries r = I ,  and r = r2, i.e., 1 = 1 and 1 = 1/R, then in 
particular, we should have 

(7.10) 

where the X-axis of the material frame is chosen to coincide with the axis 
of orientation as mentioned before, and the angle of orientation is measured 
as the angle which the axis of orientation makes with the long axis of a single 
molecule. From (7.10) we have 

which on using (5.9) and solving for a/Q, yields 

and hence we obtain 

(7.1 1 )  

It is easy to find that $(A7 0) possesses a maximum $,,, at the interior point 
(A,, 0,) of the domain ,I E [l, 1/R] and 0 E [O, 2711, where 

, e l  = n - O m ,  8, = tan-‘(a/b), KAB3 1 3 1 A l  = 
C + K  

(7.12) 

K(Q0 - 1) 
K = r$&(ulZl2 + a,,,,), c = - = (7.13) 271 1 - RZ ’ 
A = a(a2 + b2)112/r:Q: > 0, 

provided the following inequalities are satisfied : 

(C + K)/K > 0 , l  .c KAB3131/(C + K )  < 1/R. (7.14) 
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ORIENTATIONAL EFFECTS 81 

The maximum orientation $,,, is then given by 

(7.15) 

where 

P = %a1212 + a1221)/(~1212 - %,I) ' 0. (7.16) 

In view of (7.14) and (7.15), it follows that the maximum orientation can be 
made to occur arbitrarily close to the inner or outer cylinder wall by choosing 
the torque C sufficiently close to K(dB313, - 1) or to K(ARB3,,, - l), 
respectively. This implies that the walls significantly influence the orientation 
only when KAB,  , J(C + K )  is of the order of unity or greater, that is, when 

lc + K1 < lKlAB3131. (7.17) 

dyn and positive, we find from (7.17) that 
the walls significantly influence the orientation only when ICl N dyn 
or less; otherwise the flow dictates the orientation except in the adsorption 
layers at the walls. This result agrees with the conclusions of Atkin and 
Leslie.31 

Once again, in order to fix ideas, for instance, if we have perpendicular 
orientation at both the boundaries, after using (7.10) in (5.9) and solving for 
C + K and substituting its value into (7.14), we find that the latter inequality 
reduces to 

2nPR/A < - K < 2nfiJA. (7.18) 

(7.18) suggests that in the case of perpendicular orientation at both the bound- 
aries, we must have, since both A > 0 and fl  > 0, 

K < 0, (7.19) 

Since from (7.9), B,,,,  N 

and in view of (7.14), we must have also, 

C + K < O .  

(7.19) implies on account of (7.13),,,,that R, < 0 and Q2 < 0, which means 
that the cylinders are rotating in the same sense as assumed earlier. For 
convenience, we shall regard the inner cylinder as rotating with a fixed 
angular velocity R, and the shear-rate variation can then be effected by 
varying the magnitude of the angular velocity Jz, of the outer cylinder. Once 
again, from the experimental data of Peter and Peters,,, we obtain by using 
(7.1 1) and (6.3), since R = 0.99, 

a R n I--.-- - 4.158,A = 0.01 + -! 
RlR Y Y 

(7.20) 
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82 M. N. L. NARASIMHAN AND A .  C. ERINGEN 

Since Q, is regarded as fixed and negative, while 52, is negative and is 
varied continuously assuming all possible values within the experimental 
range, and for large Iyl, S Z ,  has to be large, it will be sufficient if we consider 
the cases for which S Z ,  - Q, < 0, that is, for which y < 0. Choosing (R, (  = 
11.84 radians per second, with the aid of the experiments, we have from 
(7.20),, since 52Jy > 0, 

522  11.84 
- = 0.01 + --. 
Y IYI 

(7.21) 

Substituting (7.21) and (7.20), in (6.2), we obtain for the nematic p-azoxy- 
anisole: 

(7.22) 

Now we compute the apparent viscosity qaPp from (7.22) for the nematic 
p-azoxyanisole within its nematic temperature range 119°C to 135°C and 
shear-rate range 60 sec-' to 18 x lo3 sec-I, using the known values ofa,,,, 
and u1221 from Table 2. The theoretical curves obtained are shown in 
Figure 1,. apparent viscosity versus shear-rates at various nematic temper- 

* Experimental Results of Peter and Peters 

+ ,, c , , I  ,, Porter and Johnson 

I t ,  18 Becherer and Kart 

- Theoretical Results 

Shear rate Y X  Second-' 

FIGURE 1 Behavior of apparent viscosity with shear-rate 
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ORIENTATIONAL EFFECTS 83 

atures. In the same Figure 1, for purposes of comparison with experimental 
results, we have also plotted the corresponding values of the apparent vis- 
cosity calculated from three sets of experimental curves, those of Porter and 
Johnson,* Peter and Peters33 and Becherer and K a ~ t ~ ~  at each nematic 
temperature and shear-rate value. From Figure 1, it is found that viscosities 
for the nematic state are found to increase if shear-rate is decreased below a 
homogeneous value of about 2000 sec- ‘, and above this value of the shear- 
rate, the viscosity is found to level off to a constant value, at each value of the 
nematic temperature. The theoretical values of apparent viscosity obtained 
in our work are found to be in close qualitative as well as quantitative agree- 
ment with the experimental results. En order to further elucidate the strong 
shear-rate dependence of the viscosity at low values of the rate of shear, 
Figure 2 is drawn to contain the plot of qapp versus the reciprocal of the shear- 
rate, namely, G = l/lyl and reveals the strong non-Newtonian character of 
the nematic liquid crystal at low shear-rates. These results are in good agree- 
ment with the experimental results mentioned above. For instance, our 
theoretically predicted value of 3.17 centipoise for viscosity of p-azoxyanisole 
at a temperature of 119°C and shear-rate equal to 60 sec-l, agrees with the 
experimental value of 3.17 centipoise reported by Peter and Peters33 at 
shear-rate equal to about 58 sec- ’ and at temperature 119°C and again from 
Figure 2, the high viscosity value of 9.27 centipoise predicted by our theory for 
perpendicular orientation at the boundaries, at low rates of shear agrees 
very closely with the experimental value of 9.2 centipoise obtained by 
M i e ~ o w i c z ~ ~  under similar conditions, 

We now turn to the discussion of heat-conduction effects versus shear- 
effects on orientation. In Eqs. (4.37),, for heat-conduction, it is clear that the 
first terms are contributions from microgyration and the second term in 
(4.37), is the contribution from the externally imposed temperature gradient. 
Hence it follows that heat-conduction can occur in micropolar flow even in 
the absence of an externally imposed temperature gradient. 

It follows from (4.37), that the expression for the orientation field (5.9) can 
be rewritten in the form 

$(A, 0) = Q, f ? A ,  (7.23) 

where Q A  and tn are, respectively, the contributions to orientation from heat- 
conduction and shear and are given by 

Q,= -[q,-”(l-K)]/[i A In R +;(I -$)I, (7.24) 

(7.25) 
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9.38 
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x .- 
0 
0 
C 
Q) 

.- + 

V - 
Q 
Q 
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0 

> 

+ .- 
In 

U 
v) .- 

6.38 

5.38 

4.38 

3.38 

I I I I 

4 8 12 16 20 
2.38 

0 

- G x lo2 Seconds 
FIGURE 2 Apparent viscosity versus reciprocal shear-rate 

Using (4.37),, the relative order of magnitude of Q, and Za becomes 

(7.26) 
-2b(a sin 8 - cos 8)aB3,,, 

QA/% = 
Ir;*:( 1 +;) 

Replacing, on the right-hand side of (7.26), 1 by its minimum value unity, and 
((T sin 8 - cos 0) by its maximum value o sin O1 - cos 8, = (a2 + b2)li2/b, 
from (7.12), we obtain after using (7.13)3, 

(7.27) 
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ORIENTATIONAL EFFECTS 85 

Since, from (7.14)2, we have KAB,,,,/(C + K) > 0, (7.27) can be 
rewritten as 

2AKB3131 - - 2AB3131 < 2AB3131 

C $- K 1 -k CIK - CIK ' 
QJ?, (7.28) 

From (7.28), it follows that the heat-conduction effects on orientation of the 
nematic mesophase do not compete successfully with shear-effects unless the 
torque C is below a certain value C ,  which is estimaied below for p-azoxy- 
anisole. 

C( = (a lz l2  - u1221)-1  = 1.585 (centipoise)-', 1K1 = lr~Cll(u1212 + alzzl)l 
At a given temperature say 128"C, from our Table 2, we have 

= 142.9 dyne, 

(7.29) 
a b 

r: = 3.921, C2: = 140.3, - = -3.127, - = -6.254, a,  5 2 1  

A = a(u2 + b2)1/Z/r;Cl: = 2.828, 

(here we have chosen b = 24.  
dyn from (7.91, we find from (7.28) on using the data 

(7.29) that the heat-conduction effects on orientation are much smaller than 
Since B,,,, N 

1.0 1.2 1.4 1.6 1.8 2.0 
- A  

FIGURE 3 Microgyration velocity versus radial distance (0 = 0 . 5 ~ )  
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-4  

- 6  

- 6  

-10 

-12 

‘t/ 6 

- 
- 
- 
- 
- 

3 M 
_L 2 n  

FIGURE 4 Microgyration velocity versus polar angle (1 = 1.5, y = 60 sec-’) 

the shear orientation-effects unless IC( I 10- dyn. Hence, heat-conduction 
does not affect orientation appreciably at torques above l ow3  dyn, a result 
which agrees with the experimental conclusions of Porter and Johnson’ and 
Picot and Fredrickson.’ 

Figures 3 and 4 depict the microgyration behavior under varying rates of 
shear throughout the annulus of the rotating viscometer. It is found from 
Figure 3 ,  that for a fixed instrument and for a given angle 8, ( R  = 1/2,8 = 71/2), 
the gyration field increases with the radial distance and this increasing trend 
becomes more pronounced with higher rates of shear as is to be expected on 
physical grounds. Figure 4 gives the variation of the gyration field with the 
angular coordinate 8, for a fixed instrument, at a given radial distance A 
and for a given shear-rate (R  = 1/2, c = 1/2, A = 1.5, y = 60 sec-‘). The os- 
cillatory behavior of the gyration field as a function of 0 is clearly the con- 
sequence of the type of the boundary conditions considered for the gyration 
field in our problem. 
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